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Abstract 

Four types of photon counters are discussed in terms of informa- 
tion, fidelity, and physical reversibility: conventional photon counter, 
quantum counter, and their quantum nondemolition (QND) versions. 
It is shown that when a photon field to be measured is in an arbi- 
trary superposition of vacuum and one-photon states, the quantum 
counter is the most reversible, the QND version of conventional pho- 
ton counter provides the most information, and the QND version of 
quantum counter causes the smallest state change. Our results sug- 
gest that the physical reversibility of a counter tends to decrease the 
amount of information obtained by the counter. 
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1 Introduction 

When a quantum measurement provides information about a physical sys- 
tem, it inevitably changes the state of the system into another state via non- 
unitary state reduction. This property is of great interest not only in the 
foundations of quantum mechanics but also in quantum information process- 
ing and communication P, e.g., in quantum cryptography (2j |3j HJ [5] . How- 
ever, such a state change by measurement is not necessarily irreversible [6j [7], 
despite being widely believed to be intrinsically irreversible [8]. A quantum 
measurement is said to be physically reversible [7J [9] if the pre-measurement 
state can be recovered from the post-measurement state with a nonzero prob- 
ability of success by means of a second measurement, referred to as revers- 
ing measurement. Recently, physically reversible measurements have been 
proposed with various systems pm El 021 EH [HI [15], [16] and discussed in 
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the context of quantum computation [T7J [TS], and have been experimen- 
tally demonstrated using a superconducting phase qubit pL9] and a photonic 
qubit [20]. Therefore, it would be worth discussing the state change by a 
measurement together with its physical reversibility 

The necessary and sufficient condition for physical reversibility is that the 
operator M describing the state change by the measurement has a bounded 
left inverse M _1 [TJ [9]. In fact, to recover the pre-measurement state, the 
reversing measurement is constructed so that it applies M~ l to the measured 
system to cancel the effect of M when a preferred outcome is obtained. 
Interestingly, the reversing measurement completely erases the information 
provided by the first measurement when it successfully recovers the pre- 
measurement state (see Erratum of Ref. [TTj). although a physically reversible 
measurement actually provides some information about the measured system 
in contrast to the unitarily reversible measurements [211 122]. Therefore, a 
reversing operation based on M', instead of M _1 , has been proposed [23J, 
which can approximately recover the pre-measurement state especially with 
increasing, rather than decreasing, information gain for a weak measurement. 
Further discussions of information gain by physically reversible measurement 
can be seen in other studies [2U [25] • 

In this article, we investigate four types of photon counters to compare 
them in terms of information gain, state change, and physical reversibility 
of the photodetection processes. The first counter is a conventional photon 
counter that operates by absorption of photons, and the second counter is a 
quantum counter [261 12Z] that operates by stimulated emission of photons. 
The third and fourth counters are the quantum nondemolition (QND) [28] 
versions of the first and second counters, that is, the QND photon and QND 
quantum counters, which perform unsharp measurements of photon number 
without perturbing photon-number states. Among the four counters, quan- 
tum counter and its QND version are physically reversible. For each counter, 
we evaluate the amount of information gain using a decrease in Shannon en- 
tropy [251 123] , the degree of state change using fidelity [29] , and the degree 
of physical reversibility using the maximal successful probability of revers- 
ing measurement [T7], assuming that a photon field to be measured is in an 
arbitrary superposition of vacuum and one-photon states. 

This article is organized as follows: Section [2] reviews a mathematical for- 
mulation of quantum measurement and the physical reversibility in quantum 
measurement. Sections[3l[H[5l and|6]discuss the conventional photon counter, 
quantum counter, QND photon counter, and QND quantum counter, respec- 
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tively, calculating the information gain, fidelity, and physical reversibility in a 
two-state model. Section [7] summarizes our results, compares the four coun- 
ters, and discusses an implementation of a QND quantum counter proposed 
in this article. 



2 Quantum Measurement 

Here, we briefly review a mathematical formulation of quantum measure- 
ment together with its physical reversibility. Let be an unknown pre- 
measurement state of a system to be measured. To obtain information about 
the state, we perform an indirect measurement using a probe as follows. We 
first prepare the probe in a state |z) p and then turn on an interaction between 
the probe and the system via an interaction Hamiltonian H int during a time 
interval At. After the interaction, the state of the whole system becomes 
^ r mt|V')K)p, where £7i nt = exp (^—iH int At/h^. Finally, we perform a projec- 
tive measurement on the probe with respect to an orthonormal basis {|m) p }. 
From the outcome m, we can indirectly obtain some information about the 
state. Below we shall show what and how much information we can obtain 
in the case of photodetection processes. 

The measurement yields an outcome m with probability 

Pm = (ip\M ] m M m \ip), (1) 

where M m = p (m\Ui nt \i) p , and simultaneously changes the state of the system 
from \ip) into 

\iI> m ) = -^M m \iJ;), (2) 

y/Prn 

depending on the outcome m. In other words, a quantum measurement is 
mathematically described by a set of linear operators {M m } (3Ql [T], called 
measurement operators, that satisfy the completeness condition 

MlM m = J, (3) 

m 

where / is the identity operator. The probability and post-measurement 
state are then given for each outcome m by Eqs. (JTJ and (J2J), respectively. 
Conversely, for a give set of linear operators {M m } satisfying the complete- 
ness condition ([3]), an indirect measurement described by {M m } can always 
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be constructed by choosing the initial state |z) p , the interaction [7 int , and the 
orthonormal basis {|^} p } of the probe. 

Although the measurement changes the state of the system as in Eq. (T5]), 
this state change is physically reversible if and only if M m has a bounded 
left inverse |7J |9]. In fact, to undo the state change, consider performing an- 
other measurement, called reversing measurement, on the post-measurement 
state ([2]). The reversing measurement is described by a set of measurement 
operators {R^} that satisfy 

^flMt^M = / (4) 

and for a particular uq, 

= rj m M" 1 (5) 

with a complex constant r] m . The index v denotes the outcome of the re- 
versing measurement. Therefore, if the reversing measurement yields the 
particular outcome u , it restores the pre- measurement state \ip) except for 
an overall phase factor from Eq. ([2]) as 

|^ ) = -^^ ) |^)cx|^), (6) 

where 

p m , = (^i^: )t ^: ) i^) = ^ (7) 

Pm 

is the probability for the second outcome z/ given the first outcome m, and 
thus is the successful probability of the reversing measurement. Since the 
completeness condition fll]) requires W\R ( ™ )] R { Z ] W) < 1 for any state |^'), 
the upper bound for \r] m \ 2 becomes [17] 

\r] m \ 2 < inf W\MlM m \iJ;') = b m , (8) 
W) 

which does not depend on the pre-measurement state The upper bound 
b m is called the background of M m , implying that the measurement {M m } 
yields the outcome m with a probability not less than b m for any state. 
Combining Eqs. (J7J and (jSJ), we find that if the pre-measurement state is 
\if}) and the first outcome is m, the maximal successful probability of the 
reversing measurement is given by 

R(m, \ip)) = max p mvo = — . (9) 

r]m p m 
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That is, we can, in principle, recover the unknown pre-measurement state 
from the post-measurement state \ip m ) with the probability even though 
it would be difficult to experimentally implement the reversing measurement 
{i^ m) } with | 

Vm\ 2 — bm as an indirect measurement. 

3 Photon Counter 

A photon counter usually detects photons one by one from a photon field. 
This means that the photon counter detects at most one photon during a 
short time interval. When detecting one photon ("one-count" process), the 
counter annihilates the detected photon from the photon field. Even in the 
case when no photon is detected ("no-count" process), the counter changes 
the state of the photon field owing to the obtained information that no pho- 
ton was detected during the time interval. A physical model of the photon 
counter is described in accordance with the indirect measurement in Sec. |2j 
In this case, the probe is a two-level atom having a ground state \g) p and 
an excited state |e) p with a raising operator a+ = |e) pp (<7| and a lowering 
operator <r_ = |g) pp (e|. The initial state of the atom is the ground state \g) p , 
and the interaction Hamiltonian between the atom and the photon field is 
the Jaynes-Cummings Hamiltonian 

H int = % (o<t+ + a t <7_) , (10) 

where g is a coupling constant, and a) and a are the creation and annihilation 
operators of the photon. The projective measurement on the atom is with 
respect to the basis {\g) p , |e) p }. As a result of the measurement, if the atom 
is found to be in the excited state |e) p , we recognize that the one-count 
process has occurred with the absorption of a photon. On the other hand, if 
the atom is found to be still in the ground state \g) p , we recognize that the 
no-count process has occurred with detecting no photon. 

In terms of the measurement operator in Sec. [2J the one- and no-count 
processes are described by [31], [321 [7] , 

7 2 + 

Mi =70, Mo^J-ya+a, (11) 

respectively, where 7 = gAt is a constant that is assumed to be so small that 
we can ignore the fourth and higher order terms in 7. In fact, the annihilation 
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operator in Mi annihilates a photon from the photon field through the state 
reduction in the one-count process. Moreover, combined with Mi, the 
measurement operator Mo for the no-count process satisfies the completeness 
condition (J3J), i.e., 

]T MlM m ~ I (12) 

m=0,l 

up to the order of 7 s . This means that we can regard the one-count and 
no-count processes as a mutually exclusive and exhaustive set of events in 
the measurement. 

3.1 General Model 

To evaluate the amount of information provided by the photon counter, we 
assume that the pre-measurement state of the photon field is known to be 
one of the predefined pure states {\4>(a))} with equal probability, p(a) = 
1/N, where a — 1, . . . , N, although the pre-measurement state is unknown. 
Because in quantum measurement the pre-measurement state is usually an 
arbitrary unknown state, the set is essentially an infinite set (N — > 

00) to cover the Hilbert space of the photon field. Each state can be expanded 
by the eigenstates {|^)} of the photon-number operator a) a as 

|V(a)} = 5>«( a ) l n > (13) 

n 

with n — 0, 1, 2, . . ., and the coefficients {c n (a)} that obey the normalization 
condition J2 n l c ™( a )| 2 = 1- O ur l ac k °f information about the photon field 
can be quantified by the Shannon entropy associated with the probability 
distribution {p(a)} as 

H = -J2 P( a ) lo S2 P(a) = log 2 N. (14) 

a 

Next, we perform a measurement by the photon counter ( II ip to obtain a 
piece of information about the photon field. According to Eq. ([[]), if the pre- 
measurement state is \ip(a)), the one-count process occurs with probability 

p PC (l|a) = (^(a)\MlMi\^(a)) = 7V (a), (15) 

where 

n 
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Since the probability for \ip{a)) is p(a) = 1/N, the total probability for the 
one- count process is given by 



P P °(1) = 5> PC (l|«Ma) = = ^ 

a a 

where the overline denotes the average over a, 

7^ £/(«)■ ( 18 ) 

a 

On the contrary, given that the photon counter detects one photon, we can 
find the probability for the pre-measurement state \ip(a)) as 

D pc falll- yPC(1|a)p(a) - ni(a) (19) 
P W 1 )- p pc (1) " NWl ^) 

from Bayes' rule. Using this probability distribution, our lack of information 
after the one-count process is evaluated by the Shannon entropy as follows: 



H PC (1) = -^p PC (a|l)log 2 p PC (a|l) = log 2 iV- 



n x log 2 ni - ni log 2 m 



m 

(20) 

The information gain by the one-count process is then defined by the decrease 
in Shannon entropy as 



J pc (l) =H - F pc (l) = "i^m-nilog^ (21) 

which does not depend on 7 (i.e., on the coupling constant g between the 
photon counter and the photon field). That is, this information gain is a mea- 
sure of how much our knowledge about the pre-measurement state increases 
when we revise the probability distribution from p(a) = 1/N to p PC (a|l) 
according to the outcome. Note that it results from a single measurement 
outcome [251 E3] without averaging all the outcomes, and that it indicates the 
state of the pre-measurement rather than a value of some observable. Simi- 
lar to the one-count process, we obtain the total probability for the no-count 
process which is given as p PC (0) ~ 1 — 7 2 rTj~; this information gain by the 
no-count process is J PC (0) ~ up to the order of 7 s . Therefore, averaging 
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over the outcomes m = 0, 1, we find that the mean information gain by the 
measurement is given by 

jpc = ^ p PC ( m ) J PC (m) ~ 7 2 ( m log 2 m - nl log 2 nT ) , (22) 



which is identical to the mutual information [T] of the random variables {a} 
and {m}: 

jPC = ^/c (a|m)/C(m) log2 p!>h (23) 

Unfortunately, the measurement changes the state of the photon field. 
The state change can be evaluated by the fidelity (291 H] between the pre- 
measurement and post-measurement states. According to Eq. 02]), when the 
pre- measurement state is \ip(a)), the post-measurement state after the one- 
count process is 



:m)> 



PC 



1 



, - M 1 ^(a)) = ^==^ v / ^TTc TO+1 (a)|n), (24) 



whose fidelity to \ip(a)) is 
F PC (l,a)HWaMl,a)) PC | 



Vn + lc*(a) c n+ i( 



• (25) 



Since the index a is unknown, we average over a with the probability ( TT9"j) to 
obtain the fidelity after the one-count process as 



F PC (1) = Vj9 PC (a|l)F PC (l,a) = ^ 



Vn + 1 c* c n+ i 



(26) 



On the other hand, the fidelity after the no-count process is F PC (0) ~ 1 up 
to the order of 7 3 . The mean fidelity after the measurement is thus given by 



F PC = ^/ c (m)F PC (m) ~ l-^fn+J 2 ^ 



^2 Vn + lc* n c n+1 



(27) 



We can, however, undo this state change of the photon field if the mea- 
surement is physically reversible as described in Sec. [2j The physical re- 
versibility can be evaluated by the maximal successful probability of the 
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reversing measurement. If the pre- measurement state is \ip{a)) and the out- 
come is the one-count process, it becomes 

^ PC (M = 4^ = ^-, (28) 
p^{l\a) ni[a) 

where 6 PC (1) is the background of Mi defined in Eq. ([S]), namely, 

6 PC (1) = infp PC (l|a') = 7 2 infn 1 (a') ^TVi. (29) 

a' a' 

Averaging over a with the probability (fl9|) . we find the reversibility of the 
one-count process as 

i? PC (l) = ^/ c (a|l)i? PC (l,a) = ^. (30) 

Til 

a 

Similarly, using the background of Mo, 

6 PC (0) = inf/ c (0|a) ~ 1 - 7 2 sup m(a') = 1 - 7 2 n ls , (31) 

a ' a 1 

the reversibility of the no-count process is found to be 

fl PC (0, o) = ^Srpr - T~5~~n < 32 > 
p PLj (0\a) 1 — 7 2 ni(a) 

if the pre-measurement state is \ip(a)}, and is 

^ PC (0) = £/ c (a|0)/? PC (0,a) * (33) 

if averaged over a. The mean reversibility of the measurement thus becomes 
R PC = J2p PC ( m ) R PC (m) ^ 1 - 7 2 (n lB - nii) . (34) 

m 

It is easy to check from Eqs. (jl9"j) . ([25]). and (|30|) that 

# pc = ^inf/ c (mk')- (35) 



a' 

m 



That is, the quantity (j34j) is identical to the degree of physical reversibility 
of measurement discussed by Koashi and Ueda [TF] . 
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3.2 Two-state Model 



As an example, we consider a situation where the photon field is in an arbi- 
trary superposition of the states |0) and |1). That is, the set of predefined 
states {|"0( ))} consists of all possible states of the form 

Ma)> = cos||0> + e*sin||l>, (36) 

where < 6 < tt and < < 2n. The index a now represents the two 
continuous angles (0,0). Therefore, the probability p(a) = 1/N is replaced 
with a probability density p(a) = I /An using the volume element sin 8d8d<f) 
and the summation over a is replaced with an integral over (#, 0), namely, 



W -> l-Td^fde sin 9. (37) 



»2w 

N ^— ' 4tt 

a 

If the pre-measurement state is ^(o)), the probability ( fl5l) for the one- 
count process is 

p PC (l|a)= 7 2 sin 2 ^, (38) 
since for the state \ip(a)) in Eq. f[3"6"j) we have 

n|c n (a)| = |ci(a)| = sin'' 

n=0,l 

The total probability ( IT?]) for the one-count process then becomes 

P P °(1) = \l\ (40) 

because of 

n? = — >ni(a) = — / c?0 / d9 sin 6> x sin 2 - = - . (41) 



nila) 



^ n |c n (a)| 2 = |ci(a)| 2 = sin 2 -. (39) 



On the contrary, given the one-count process, the probability density ( JT9l 
for the pre-measurement state \ip{a)) is 

/ c (a|l) = i-sin 2 ^, (42) 



10 



0.2 



0.05 - 



0.15 - 



0.1 - P 












71/2 



71 



10) 



e 



ID 



Figure 1: Probability density for the pre- measurement state \ip{a)) condi- 
tioned by the one-count process p p (a|l) and that conditioned by the no- 
count process p PC (a|0) as functions of 9 when 7 = 0.3. The dotted line 
indicates the initial probability density p(a) = 1/4tt. 

while the corresponding probability density for the no-count process is 



These probability densities are the content of information provided by the 
photon counter fflTl) . Figure [1] shows these densities as functions of 9 when 
7 = 0.3. Although all the states were equally probable before the mea- 
surement, as shown by the dotted line, the one-count process increases the 
possibility of |1) and completely excludes the possibility of |0), as shown by 
the line p PC (a|l). On the contrary, the no-count process decreases the possi- 
bility of |1) and increases the possibility of |0), as shown by the line p PC (a|0), 
but so slightly that J PC (0) ~ 0. Calculating 




) 



(43) 




(4 




d9 sin 9 x sin 2 - log, sin 2 - 



41n2 



1 



(44) 
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with log 2 x = In xj In 2, we obtain the information gain (T2"T]) by the one-count 
process as 

/PC(1) = 1 " 21n2 " °' 279 (45) 



and the mean information gain ([22]) by the measurement as 



1 



Y ~ 0.1397 2 . (46) 



2 41n2, 

Furthermore, the fidelity (|26j) after the one-count process becomes 



l f 2n . /*" . ,» a 



, d0 sin # x 2 sin 2 - cos - = — (47) 
4tt / n T / n 2 2 15 v ; 



and the mean fidelity (1271) after the measurement becomes 

F pc ^ ! _ 1 7 2_ (4g) 
30 ' V ; 

Since rin = inf a / ni(a') = with \ip(a')) = |0) and rii s = sup a , rii(a') = 1 with 
\ip(a')) = |1), the reversibilities (130|) and (133|) of the one-count and no-count 
processes are given by 

i? PC (l) = 0, (49) 
i? PC (0) ~ 1 - ^ 7 2 , (50) 

respectively. The mean reversibility ( )34|) of the measurement is thus 

R^^l-j 2 . (51) 



From Eq. (f49|) . we can see that the one-count process of the photon counter 
( ITT]) is not physically reversible. This means that we can never recover the 
pre-measurement state from the post-measurement state unless we know the 
pre-measurement state. The irreversibility originates from the fact that the 
photon counter does not respond to the vacuum state [6], namely, p PC (l|a) = 
for \^{a)) = |0). 
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4 Quantum Counter 



A quantum counter is a photon counter that operates by stimulated emission, 
rather than by absorption, of photons. It was proposed to detect infrared 
photons [26J or to measure antinormally ordered correlation functions [271133] . 
and was discussed to show reversibility in quantum measurement [6J. A 
physical model of the quantum counter is the indirect measurement with the 
two-level atom and the Jaynes-Cummings Hamiltonian fflUj) as in the photon 
counter in Sec. |3j However, in this case, the atom is first prepared in the 
excited state |e) p . After the interaction and the projective measurement, 
if the atom is found to be in the ground state \g) p , we recognize that the 
one-count process has occurred with the emission of a photon. On the other 
hand, if the atom is found to be still in the excited state |e) p , we recognize 
that the no-count process has occurred with detecting no photon. 

The action of the quantum counter is described by the measurement op- 
erators for one-count and no-count processes [SI E] 

L\ = 70,', £o — I — —aa'. (52) 

As seen from L 1; the quantum counter creates a new photon in the photon 
field by stimulated or spontaneous emission in the one-count process through 
the state reduction fl2J) as opposed to the conventional photon counter ( fill . 
Similar to M\ and M , the measurement operators Li and L also satisfy the 
completeness condition <^ as 

E * I, (53) 

m=0,l 

up to the order of 7 3 . 

4.1 General Model 

The amount of information provided by the quantum counter fl52|) can be 
evaluated using the predefined states {^(a))} as in Sec. El If the pre- 
measurement state is \ip(a)), the probability for the one-count process is 

p QC (l|a) = MayLlLxMa)) = 7 2 Ma) + 1] (54) 

from Eq. (CQ). Note that the one-count process occurs even when the photon 
field is in the vacuum state, \i/j(a)) = |0), owing to spontaneous emission, 
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unlike the conventional photon counter [see Eq. (1151) ]. In this sense, the 
quantum counter is sensitive not only to photons but also to the vacuum 
state. The total probability for the one-count process is then 



V 



QC 



[l) = Y,P Q °( 1 \a)p(a)=l 2 (nl + l) 



(55) 



On the contrary, given the one-count process, the probability for the pre- 
measurement state \ip(a)) is 



p QC (a|l) 



p QC (l|a)p(a) 
^QC(I) 



n x (a) + 1 
N (nl + 1) ' 



(56) 



Calculating the Shannon entropy (1) associated with this probability 
distribution, we find the information gain by the one-count process as 



/ QC (1) = H -H QC (1) 



(ni + 1) log 2 (wi + 1) - (wT + 1) log 2 (nT + 1) 
nl+l 



(57) 

This quantifies the increase in our knowledge about the pre-measurement 
state when we revise the probability distribution fromp(a) — 1/N top^ c (a|l) 
according to the outcome. Similarly, the total probability for the no-count 
process is p^ c (0) ~ 1 — 7 2 (nT, + 1) and the information gain by the no-count 
process is J^ c (0) ~ up to the order of 7 3 . The mean information gain by 
the measurement then becomes 



/QC 



J2p 



QC, 



m 



m) 



7 



(ni + 1) log 2 (ni + 1) - (rTf + 1) log 2 (rTT + 1) 



(5? 



On the other hand, the state change owing to the measurement can be 
evaluated by fidelity. When the pre-measurement state is \ip(a)), the post- 
measurement state after the one-count process is, from Eq. (j2j), 



:m)> 



QC 



1 



, =Li\ib(a)) = — 



a + 1 „ 



_i(a)|n), (59) 



whose fidelity to \i/j(a)) is 
F QC (l,a) = |(^(a)|^(l,a)) QC | 



1 



/ni(a) + 1 
14 



E 



nc n {a)c n _Aa, 



■ (60) 



Averaging over a with the probability (I56p . we find that the fidelity after the 
one-count process is 



F QC (1) = ^ p QC (a | 1)F QC (1; 



+ 1 



E 



17> C n C n —\ 



(61) 



Since the fidelity after the no-count process is F^ c (0) ~ 1 up to the order of 
7 3 , the mean fidelity after the measurement is given by 



f qc = J^ p QC( m ) i?QC( m ) ^ 1 - 7 2 (rir+ 1) + 7 V^i + 1 



E 



C n C n —\ 



. - , (62) 

Moreover, the reversibility of the measurement can be evaluated by the 
maximal successful probability fl9]) of its reversing measurement. If the pre- 
measurement state is \ip(a)), the reversibilities of the one-count and no-count 
processes are 



R QC (l,a) 
i? QC (0,a) 



b® c (l) nii + 1 



pQ°(l|a) m(a) + l' 
6 QC (0) 1- 7 2 K + 1) 



pQ°(0|a) 1 --f 2 [ ni (a) + 1]' 



(63) 
(64) 



respectively, from the background 6^ c (m) = inf a / p^ c (m|a') in Eq. ([8]). Av- 
eraging over a with the probability ( 1561) . we obtain 



(65) 
(66) 



^ c (l) = ^^ c (a|l)^ c (l,a) = ^±- 1 , 

a 

R QC {Q) = £ p QC (a | 0)i2 QC (0 } * Y^^] 

^— ' 1 — 7^/7,1 + 1 

a 

The mean reversibility of the measurement is thus given by 

^qc = J^ p QC( m ) i^QC( TO ) ~ i _ 7 2 ( nis _ . 



(67) 



4.2 Two-state Model 

As an example, we consider the situation discussed in Sec. [3] If the pre- 
measurement state is \ip(a)), the probability ( }54"1) for the one-count process 
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p^(l\a) = Y \^m 2 - + lj (68) 
from Eq. f[3"9"]) . The total probability ([515]) for the one-count process is then 

P QC (1) = ^7 2 (69) 

owing to Eq. (HT1) . On the contrary, given the one-count process, the proba- 
bility density ( 156]) for the pre-measurement state \ip(a)) is 

P QC Hl) = ^(sm 2 ^ + lY (70) 



Similarly, given the no-count process, the probability density for \ip(a)) is 

(71) 



p QC (a|0) ~ — 
An 



1 — 7 sin 

1 2 2 



Figure |2] shows these probability densities as functions of 9 when 7 = 0.3. 
The one-count process of the quantum counter (152]) deforms the probabil- 
ity density to a smoother slope than that done by the conventional photon 
counter ( ITT]) , not excluding the possibility of |0) owing to the sensitivity to 
the vacuum state. Using 



(m + 1) io g2 (m + 1) = 2 - — , (72) 

we find the information gain ( |57j) by the one-count process as 

/QC(1) = \~ 21n2 ~ bg2 3 " °-° 270 (?3) 



and the mean information gain (158]) by the measurement as 



/QC - G " 4hT2 " I l0g2 3 ) 72 ~ °- 0405 ^ 2 - ^ 



Moreover, the fidelity (J6TJ after the one-count process is 



FQC «-wl^l4 B (f5)- - 320 < 75 > 
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Figure 2: Probability density for the pre-measurement state \ip{a)) condi- 
tioned by the one-count process p® c (a\l) and that conditioned by the no- 
count process p^ c (a|0) as functions of 9 when 7 = 0.3. The dotted line 
indicates the initial probability density p(a) = l/Air. 



and the mean fidelity ( 1621) after the measurement is 

7 2 ~ 1 - 1.02 7 2 , (76) 



2 



1 b( 3 3 

3 B U'2 



where B(p, q) is the beta function. The reversibilities ( 1651) and ( 166]) of the 
one-count and no-count processes are then 

^ QC (1) = I (77) 

^ QC (0)^l-^7 2 , (78) 

respectively. Equation ( 1771) shows that the one-count process of the quantum 
counter (152]) is physically reversible. That is, we can, in principle, recover the 
pre-measurement state from the post-measurement state with probability 2/3 
on average, even though it would be difficult to experimentally implement the 
reversing measurement of the quantum counter. The reversibility is because 
of the sensitivity to the vacuum state, namely, p^ c (l|a) > even for \ip(a)} = 
|0). The mean reversibility (16TJ) of the measurement is then given by 

~ 1 - 7 2 . (79) 
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5 QND Photon Counter 



Next, we consider a QND version of the conventional photon counter. Its 
measurement operators for one-count and no-count processes are given by [MJ 

m 

2 

A>i = 7a f a, N ~ J - y (a f a) 2 , (80) 

respectively. This counter neither absorbs nor emits a photon in both the 
one-count and no-count processes through the state reduction d2J), thereby 
not perturbing the photon-number states {\n)} to perform an unsharp QND 
measurement of photon number. The measurement operators Ni and N also 
satisfy the completeness condition (j3J), namely, 

NlN m ~ J, (81) 

m=0,l 

up to the order of 7 3 . 

A physical model of the QND photon counter is an indirect measurement 
described in Sec. |2j In this case, the probe is an atom having two degenerate 
states \a) p and |6) p with a transition operator a = \b) pp (a\. The initial state 
of the atom is the state |a) p , and the interaction Hamiltonian between the 
atom and the photon field is 

H in t = hga ] a (a + a f ) . (82) 

Performing the projective measurement with respect to the basis {|a) p , \b) p }, 
we recognize that the one-count process has occurred if the atom is found to 
be in the state |6) p or that the no-count process has occurred if the atom is 
found to be still in the state \a) p . 

5.1 General Model 

To evaluate the amount of information provided by the QND photon counter 
( |80|) . we consider the set of predefined states {\4>(a))} described in Sec. |3j If 
the pre- measurement state is \ifj(a)), the probability for the one-count process 
is 

p QPC (l|a) = (iPia^NlN^ia)) = 7 V;(a) (83) 
owing to Eq. (JT]), where 

n 2 {a) = Y,n 2 \c n {a)\ 2 . (84) 

n 
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Then, the total probability for the one-count process is given by 

p Q pc (l) = ^j9 QPC (l|a) p(a) = 7 2 r^. (85) 

a 

On the contrary, given the one-count process, the probability for the pre- 
measurement state \ip(a)) is 

opc, m _ P QPC (l\a)p(a) _ Ma) 
Therefore, we obtain the information gain by the one-count process as 



/Q pc (l) = H - H^(l) = " 2lQg2n2 Z" 2l ° g2n2 , (87) 

n 2 

where H® PC (l) is the Shannon entropy associated with the probability dis- 
tribution (1861) . This means that our knowledge about the pre- measurement 
state increases by 7^ PC (1) when we revise the probability distribution from 
p(a) = 1/N to pQ pc (a|l) according to the outcome. On the other hand, 
the total probability for the no-count process is p® p (0) ~ 1 — 7 2 n2 and the 
information gain by the no-count process is 7^ (0) ~ up to the order of 
7 3 . The mean information gain by the measurement thus becomes 

jQPC = pQ pc (m) J QPC (m) ~ 7 2 ( n 2 \og 2 n 2 - W 2 log 2 W 2 ) . (88) 
in 

Then, we evaluate the state change owing to the measurement using fi- 
delity. When the pre-measurement state is \ip(a)), the post-measurement 
state after the one-count process is, from Eq. (T2]), 

l^(M> QPC = . = tiMa)} = ^=]>> c » l n >> ( 89 ) 

with the fidelity to \i[>(a)) being 

F« pc (l,a) = |(^(a)|^(l,a))Q pc | = (90) 

Averaging over a with the probability ( 1861) . we obtain the fidelity after the 
one-count process as 



F QPC (1) = ^ p QPC (G | 1)F QPC (1)G) = (gi) 



n 2 
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Since the fidelity after the no-count process is F^ PC (0) ~ 1, the mean fidelity 
after the measurement becomes 

F QPC = pQ pc (m) F QPC (m) ~ 1 - 7 2 W 2 + 7 V^>^. (92) 
in 

Furthermore, we evaluate the reversibility of the measurement using the 
maximal successful probability OH]) of its reversing measurement. From the 
background in Eq. ([8]), 6^ PC (m) = inf a / p^ PC (m|a'), with n 2 \ = inf a /n2(a') 
and ri2s = sup a / ri2(a'), the reversibilities of the one-count and no-count pro- 
cesses are 

^») = -Si s r^n' (94) 

respectively, if the pre-measurement state is \ip(a)). Therefore, they become 
R QPC {1) = y p QPC (a | 1)i2 QPC (la) = ^ (95) 

a 

^QPC (0) = y p QPC (a)0) a) „ 1 -T 2 '* (96) 

/ — ' 1 — 

respectively, if averaged over a with probability ( l86l) . The mean reversibility 
of the measurement is then given by 

R QPC = P QPC M rQPC M - 1 - 7 2 - n 2i ) . (97) 



5.2 Two-state Model 

We again consider the situation discussed in Sec. [3] as an example. If the pre- 
measurement state is \ip(a)), the probability (183|) for the one-count process 
is 

pQ pc (l|a)= 7 2 sin 2 ^ (98) 
since using Eq. fl36|) we have 

n2(a) = 22 ™ 2 l c «( a )| 2 = sin2 o- (") 



n=0,l 
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Note that n 2 (a) = ni(a) in this two-state model since n 2 = n for n = 0,1. 
Therefore, from Eq. (l4ip . we obtain 

?5=i. (100) 
The total probability ( 185|) for the one-count process is thus given by 

P QPC (1) = \i 2 - (ioi) 



On the contrary, given the one-count process, the probability density ( 1861) 
for \4>(a)) is 

P QPC (a|l) = ^sin 2 ^, (102) 
and the corresponding probability density for the no-count process is 

e r 



p QPC (a|0) ~ — 
An 



1 — 7 sin 



(103) 



These probability densities are shown in Fig. El which is the same form as 
Fig. [1] owing to n 2 (a) = n\(a) in this two-state model. Since we have 



n 2 log 2 n 2 = (104) 
as in Eq. (jHJ), the information gain (1ST)) by the one-count process becomes 

J QPC (1) = 1 - — *— ~ 0.279 (105) 
and the mean information gain ( 1SS1) by the measurement becomes 

/ QPC * Q - -j^) 7 2 - 0.139 7 2 . (106) 



On the other hand, the fidelity f)9T)) after the one-count process is 



F QPC (1) = v^i = 4 
n 2 5 



and the mean fidelity (1921) after the measurement is 



F Qpc „ ! _ 1 2 (10g) 
10 ' v ; 
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Figure 3: Probability density for the pre-measurement state \ip{a)) condi- 
tioned by the one-count process p^ PC (a|l) and that conditioned by the no- 
count process p^ PC (a|0) as functions of 9 when 7 = 0.3. The dotted line 
indicates the initial probability density p(a) = 1/Att. 

In addition, since we have n 2 i = inf / 712(0') = with \ip(a')) = |0) and 
n 2s = sup a / n 2 (a') = 1 with \ip(a')) = |1), the reversibilities (l9~oT) and flUBT) of 
the one-count and no-count processes are given by 



respectively. As shown in Eq. f ll09p . the one-count process of the QND 
photon counter ( )80|) is not physically reversible. We cannot recover the pre- 
measurement state from the post-measurement state as in the case of the 
conventional photon counter (fTTj) . Note that the QND photon counter is not 
sensitive to the vacuum state owing to p QPC (l|a) = for \i/j(a)) = |0). The 
mean reversibility ( 19 7p of the measurement is thus 



J R QPC (1)=0, 
i? QPC (0) ~ 1 




(109) 



(110) 



^QPC ^ l _ 




(111) 
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6 QND Quantum Counter 



In this section, we propose a novel type of photon counter, that is, a QND 
version of the quantum counter, whose measurement operators for one-count 
and no-count processes are written as 

2 

Qi = 7afl f , Qo y (aa f ) 2 , (112) 

respectively. This counter performs a reversible QND measurement of photon 
number because it is sensitive not only to photons but also to the vacuum 
state without perturbing the photon-number states {|rt)}. Of course, the 
measurement operators Qi and Qo satisfy the completeness condition ([3]), 

QlQm ^ i, (H3) 

m=0,l 

up to the order of 7 3 . A physical model of the QND quantum counter is 
similar to that of the QND photon counter described in Sec. [51 The only 
difference is that the interaction Hamiltonian between the atom and the 
photon field is now 

Him = Tigaa ] (a + a ] ) , (114) 

instead of Eq. (pi). 

6.1 General Model 

The amount of information provided by the QND quantum counter (11121) 
is evaluated using the set of predefined states {\ip{a))} as in Sec. El If the 
pre- measurement state is \ijj(a)), the probability for the one-count process is 

p QQC (l|a) = (^(a)\Q{W(a)) = 7 2 n 3 (a), (115) 

according to Eq. ([1]), where 

n 3 (a) = ^(n + l) 2 |c„(a)| 2 . (116) 

n 

The total probability for the one-count process is thus 

p QQC (l) = ^p QQC (l|a) p(a) = 7 2 ni. (117) 
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On the contrary, given the one-count process, the probability for the pre- 
measurement state \ip(a)) is 



,QQC/„i-, , _ P QQC (l\a)p(a) _ n 3 (a) 



Calculating the Shannon entropy ifQQ c (l) associated with the probability 
distribution (j!18p . we find the information gain by the one-count process as 



J^ c (l) =H - # QQC (1) = ^log 2 n3-n 3 log 2 n3 ; (ng) 

n 3 

which quantifies the increase in our knowledge about the pre-measurement 
state when the probability distribution p(a) = l/N is revised to p QQC (a|l) 
according to the outcome. In a similar way, we obtain the total probability 
for the no-count process as p^ c (0) ~ 1 — 7 2 n3 and the information gain 
by the no-count process as jQQ c (0) ~ up to the order of 7 s . The mean 
information gain by the measurement is thus 

jQQC = ^ pQQ c ( m ) /QQC ( m ) ~ 7 2 ( n 3 log 2 n 3 - ni log 2 ) . ( 1 20) 



in 



Furthermore, the state change owing to the measurement is evaluated by 
fidelity. According to Eq. ([2]), when the pre-measurement state is \ip(a)), the 
post-measurement state after the one-count process is 

|^(l,q)) QQC = ; 1 QMa)) = , l Y{n + l)c n {a)\n). (121) 

Therefore, the fidelity to \ip(a)) becomes 

F<^ c (l,a) = \(^a)mi,a))^ c \ = (122) 

after the one-count process. Averaging over a with the probability f 1 1 1 8 [) . we 
obtain the fidelity after the one-count process as 



F QQC (1) = y j9 QQC (a | 1)F QQC (1;a) = K + X ) _ (123) 

^ n 3 
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Since the fidelity after the no-count process is F^^ c (0) ~ 1, the mean fidelity 
after the measurement is given by 

F QQC = J2 p^ c ( m ) F QQC (m) ~ 1 - 7 2 ni + 7 2 ^ K + I). (124) 

m 

Finally, the reversibility of the measurement is evaluated by the max- 
imal successful probability ((9]) of its reversing measurement. If the pre- 
measurement state is \ijj(a)), the reversibilities of the one-count and no-count 
processes are respectively given by 

R^(0 a) - ~ (126) 

K ^ a > ~ p QQC (0 | a ) " i _ 7 2 n3 ( a ) ' ^ 

where we have used the background 6 < ^ ( ^ c (m) = inf a / p^ G (jn\a') defined in 
Eq. (jSj), and n 3i = inf a i n 3 (a') and n 3s = sup a ; n 3 (a'). Averaged over a with 
the probability (IllSp . they become 

RQQPm = y p ^ c (a\l)R^ c (l,a) = ^, (127) 
R QQC {Q) = y^pQQO( a |o)i2QQC(o )a ) ~ 1 ~ 7 ^ . (128) 

^— ' ' 1 — 7^713 

Thus, the mean reversibility of the measurement is 

R QQC = P QQC M rQQ ° M - 1 - 7 2 (^3s - n 3i ) . ( 1 29) 



6.2 Two-state Model 

We consider the situation discussed in Sec. |3] as an example. If the pre- 
measurement state is \4>(ci)), the probability (11151) for the one-count process 
is 

pQQc (1|a)=72 ^ sin 2^ + 1 ^ (13()) 

since 

n 3 (a)= ^(n + l) 2 |c n (a)| 2 = 3sin 2 ^ + l (131) 

n=0,l 
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from Eq. (155]) . Using 

n~ 3 = ^ (132) 
we find the total probability (11171) for the one-count process as 

P QQC (1) = \l 2 - (133) 

On the contrary, given the one-count process, the probability density (11181) 
for the pre-measurement state \ip(a)) is 

P QQC (a|l) = T ^(3sin 2 ^ + l], (134) 



while the corresponding probability density for the no-count process is 

6 1 



p QQC (a|0) ~ — 

4:71 



1 - 37 z I sin 2 - - 



2 2 



(135) 



These probability densities are shown in Fig. _J Note that the possibility of 
|0) is not excluded by the one-count process, but it is less than that in the 
case of the quantum counter. Since 

16 



^3log 2 n 3 = y - J1 ^, (136) 

the information gain f l 1 1 9 [) by the one-count process is 

47 1 

jQQC (1) = _____ _ log2 5 „ 0901 (137) 

and the mean information gain (11201) by the measurement is 

/ QQC * ( y " 4__ ~ _ log2 5 ) ^ " °' 22572 - (138) 
Moreover, the fidelity (11231) after the one-count process becomes 



F QQC (1) = v__^__) = 652 
123 675 

and the mean fidelity (I124p after the measurement becomes 

F QQC ^ 1 _ ___ 2 (14Q) 
270 ' K J 
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Figure 4: Probability density for the pre- measurement state \ip{a)) condi- 
tioned by the one-count process p^^ c (a|l) and that conditioned by the no- 
count process p^^ c (a|0) as functions of 9 when 7 = 0.3. The dotted line 
indicates the initial probability density p(a) = 1/Att. 

On the other hand, since we have = inf^r^a') = 1 with \ip(a')) = |0) 
and n 3s = sup a / n 3 (a') = 4 with \ifj{a')) = |1), the reversibilities (j!27p and 
( I128p of the one-count and no-count processes are given by 

R QQC (1) = -, (141) 
5 

respectively. As in Eq. (I14ip . the one-count process of the QND quantum 
counter f)112p is physically reversible because of the sensitivity to the vacuum 
state, namely, p^^ c (l|a) > even for \if)(a)) = |0). Thus, we can recover 
the pre-measurement state from the post-measurement state as in the case 
of the quantum counter ( 1521 . However, in the QND quantum counter, the 
successful recovery occurs with probability 2/5 on average, which is less than 
that in the quantum counter, Eq. (I77|) . The mean reversibility (I129p of the 
measurement is then 

R QQC ~ 1 - 37 2 . (143) 
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Figure 5: Information gain by the one-count process in the two-state model. 
PC, QC, QPC, and QQC denote the conventional photon counter, quantum 
counter, QND photon counter, and QND quantum counter, respectively. 

7 Summary and Discussion 

We investigated four types of photon counters: conventional photon counter, 
quantum counter, QND photon counter, and QND quantum counter. For 
each counter, we calculated information gain, fidelity, and physical reversibil- 
ity, assuming that a photon field to be measured is in an arbitrary superpo- 
sition of the vacuum state |0) and the one-photon state |1). Figure dis- 
plays the information gain by the one-count process of each counter, namely, 
Eqs. (H5|) . (1751) . (11051) . and (I137p . The conventional photon counter and the 
QND photon counter provide the same amount of information in the two- 
state model. However, if the photon field is in an arbitrary superposition 
of the three states |0), |1), and |2), a numerical calculation shows that the 
QND photon counter provides more information than the conventional pho- 
ton counter. Therefore, the QND photon counter has an advantage in terms 
of information gain. In contrast, the quantum counter provides about 10 
times less information than the QND photon counter. On the other hand, 
Fig. [HI displays the fidelity after the one-count process for each counter, 
namely, Eqs. (j!7]l . (|75]» . (HOT)) , and (1X591) . The QND versions change the 
state of the photon field less than that changed by their original versions. 
In particular, the QND quantum counter almost retains the state of photon 
field, compared with the quantum counter. To emphasize this property, we 
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Figure 6: Fidelity after the one-count process in the two-state model. PC, 
QC, QPC, and QQC denote the conventional photon counter, quantum 
counter, QND photon counter, and QND quantum counter, respectively. 

define an efficiency of counter by the ratio of information gain to fidelity loss, 
e.g., for the conventional photon counter 



E PC (1) 



1-F PC (1)' 



(144) 



and so on. Then, the QND quantum counter has approximately twice the 
efficiency of the QND photon counter, as shown in Fig. [7J Figure M displays 
the physical reversibility of the one-count process of each counter, namely, 
Eqs. ( H9|) . ( 1771) . fll09p . and ( 114ip . We can see that the quantum counter is 
the most reversible counter, while the conventional photon counter and the 
QND photon counter are irreversible. 

Our results suggest that the reversibility of a counter tends to decrease 
the amount of information obtained by the counter. A similar result was 
shown [21] using reversible spin-1/2 measurement [IT]. However, the re- 
versibility of a counter does not necessarily decrease the state change caused 
by the counter. In fact, the quantum counter has the highest reversibility 
and provides the smallest amount of information but changes the state of 
the photon field most. This is because of a unitary part of the measurement 
operator [351 [23]. Note that the measurement operator L\ in Eq. ( 152]) could 
be written by polar decomposition as 



(145) 
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Figure 7: Efficiency of the one-count process in the two-state model. PC, QC, 
QPC, and QQC denote the conventional photon counter, quantum counter, 
QND photon counter, and QND quantum counter, respectively. 
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Figure 8: Physical reversibility of the one-count process in the two-state 
model. PC, QC, QPC, and QQC denote the conventional photon counter, 
quantum counter, QND photon counter, and QND quantum counter, respec- 
tively. 
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where U is a unitary operator and V aa* is a non-negative operator, as long as 
the Hilbert space of the photon field is truncated to finite dimensions , as 
in the two-state model. The unitary part U causes an additional state change 
after the raw measurement \J aa\ leaving the information gain and physical 
reversibility invariant. Therefore, the highest reversibility with the least in- 
formation does not imply high fidelity in the quantum counter. Among the 
other counters, the conventional photon counter ffTTl) also has such a unitary 
part, while the remaining two counters do not have a unitary part. A general 
theory on the relations among information, fidelity, and reversibility would 
be developed elsewhere. 

We could implement the QND quantum counter proposed in Sec. E] using 
a joint measurement. Consider performing the first measurement by the 
quantum counter and the second measurement by the conventional photon 
counter. If both the counters detect photons, the total process of the joint 
measurement is equivalent to the one-count process of the QND quantum 
counter because of 

Mi L a oc Qt (146) 

from Eqs. (TTTj) . ( 1521) . and ( 11 12ft . The joint measurement is thus an imple- 
mentation of the QND quantum counter, even though there are four possible 
outcomes. Note that this implementation is an example of the Hermitian 
conjugate measurement scheme [23], since the second measurement by the 
conventional photon counter is a Hermitian conjugate measurement of the 
first measurement by the quantum counter owing to M% oc L\. Therefore, 
the second measurement cancels the unitary part U of the measurement op- 
erator L±, thereby increasing the fidelity and information gain to the extent 
of a single measurement by the QND quantum counter. 
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